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Abstract: In [1], the authors have studied stability of certain causal properties of space-times in
general relativity. As a continuation of this work, in the present paper, we review and discuss, some
more aspects of stability which occur in various situations in the dynamics of general relativity. We
argue that not only choice of appropriate topology, but also the nature of perturbation, like metric,
matter or initial data, are key factors in deciding whether a property is stable or not. We also
study certain properties of space-times which are generic in an appropriate mathematical sense. In
particular we argue that Linearization stability of a space-time is a generic property.
Keywords: Topology on the space of Lorentz metrics, Whitney-Cr topology, metric perturbations,
Linearization Stability, Generic properties.
1 Introduction
A space-time is a four dimensional differentiable manifold V endowed with a Lorentz metric. Let
Lor(V ) denote the set of all Lorentz metrics which can be defined on V . A causal property or a
global property P of a space-time is said to be stable if the set of Lorentz metrics possessing the
property P forms an open subset of Lor(V ). Since this definition involves open sets, we need to
define a topology on Lor(V ). Since there are various ways of defining topology on Lor(V ), there is
no unique definition of stability. Various such topologies and concept of stabiity for various causal
properties have been described in details in [1] and references therein. We shall not go into the
details of this treatment here, and we refer the reader to [1] for details in various cases. Moreover,
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we would like to prove that a property holds for all members of Lor(V ), or the property holds
at least for ’almost all’ members of Lor(V ). This means the theorem may hold for almost all
metrics in the region, but fail for some particular metrics. In this situation, we say that such a
theorem holds generically. In general, a property is said to be generic in a region of Lor(V ) if it
holds almost everywhere on that region. Mathematically, by ’almost everywhere’ we mean that it
holds on an open dense subset of the region of Lor(V ). Similar definition is given in the theory
of Dynamical Systems also. ( See for example, Abraham and Marsden [2]). From the definitions
of ”Stability” and ”Genericity”, it is clear that these concepts depend upon the topologies under
consideration. Thus a given property may be stable and generic in some topologies and not in
others. Which of the topologies is of physical interest will depend upon the nature of the property
under consideration and also the nature of perturbation that we are considering. Perturbation
can be a metric perturbation, or change in the nature of matter in a space-time or slight change
in the initial data from which a space-time evolves. Thus, in this article, we study some more
aspects of stability excluding those in [1]. Furthermore, we note that, while studying stability of
global properties (Cf.[1]), we did not take into consideration the Einstein field equations which are
evolution equations, and hence dynamical aspects were not taken into account. Here, we consider
these aspects. In particular, we discuss linearization stability of Einstein field equations and some
important results proved in the past. We also consider briefly certain examples from the study of
dynamical gravitational collapse to emphasize that nature of outcome of collapse changes if matter
in the space-time changes. This is another aspect of stability. Furthermore, we discuss the issue of
genericity which occurs in four different contexts.
Thus, in Section 2, we study various aspects of stability as mentioned above. We also discuss
an example of gravitational collapse. In Section 3, we discuss properties of space-times occurring
in four different contexts which are generic in the above sense. In particular, we argue that Lin-
earization Stability is a generic property. At the end we make concluding remarks on both these
important issues of stability and genericity.
2 Dynamical aspects of Stability
Linearization Stability : For the sake of completeness and convenience of the reader, we borrow
following definition and some properties from Fischer and Marsden [3] :
Definition : Let Φ : X −→ Y be a non-linear differential operator between Banach spaces or
Banach manifolds of maps X and Y . Consider the equation Φ(x) = y0 for y0 ∈ Y .
Let TxX denote the tangent space to X at x ∈ X , and let
DΦ(x) : TxX −→ TyY , with y = Φ(x), be the Frechet derivative of Φ(x) at x. Thus to each solution
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x0 of DΦ(x) = y0 , DΦ(x0).h = 0, h ∈ Tx0X , is the associated system of linearized equations about
x0, and a solution h ∈ Tx0X of linearized equations is an infinitesimal deformation ( or first order
deformation ) of the solution x0. If for each solution h of linearized equations,there exists a curve xt
of exact solutions of DΦ(x) = y0 which is tangent to h at x0 i.e. x(0) = x0 and [(d/dt)(xt)]|t=0 = h,
then we say that equation Φ(x) = y0 is linearization stable at x0, and deformation h is called
integrable.
Useful criterion to prove linearization stability is as follows :
Theorem: Let X and Y be Banach manifolds, and Φ : X −→ Y be a C1-map. Let x0 ∈ X be a
solution of Φ(x) = y0. Suppose DΦ(x0) is surjective with splitting kernel . Then the equation Φ(x)
= y0 is linearization stable at x0.
Here, splitting kernel means: TxX = Range(DΦ)
∗(x) +KerDΦ(x)).
Proof uses the Implicit Function Theorem.
This definition applied to Einstein field equations in the case where Cauchy (spacelike) hypersurface
is a compact 3- manifold M without boundary can be phrased as follows :
We write Einstein equations for vacuum space-time as : Ein(4g) = 0, where Ein denotes Ein-
stein tensor. Let 4g0 be a solution of Einstein equation. Then linearized equation is given by
DEin(4g0).
4h = 0. If for every 4h satisfying linearized Einstein equation, there is a curve (4gt) of
exact solutions such that [4gt]|t=0 =
4 g0 , and [(d/dt)(
4gt)]|t=0 =
4 h, then 4g0 is called linearized
stable. In this case 4h is called integrable.
Brill and Deser [4] were the first to show that not every 4h satisfying Linearized equation is
integrable. They considered space-time (T 3)×R and showed that there are solutions of linearized
equation which are not integrable. In the ADM formalism for Einstein field equations, we can
split these equations into six evolution equations and four constraint equations. In the case when
a space-time admits a compact Cauchy hypersurface M , all dynamics of space-time is absorbed
in the constraint equations. This is because Cauchy problem is well-posed. Moreover, it is also
well-known that linearization stability of Einstein field equations is equivalent to that of constraint
equations. If we denote constraint equations by Φ(g, pi) = 0, where g denotes three dimensional
Riemannian metric on Cauchy hypersurface M and pi is the corresponding conjugate momenta,
then we have the following results, which are proved in [3]:
(1) For space-time V admitting a compact constant mean curvature (CMC) space-like hyper-
surface, (DΦ)∗(g, pi) is elliptic.
(2) Let space-time (V, 4g) be fixed. The space of Killing fields of 4g is isomorphic to the kernel of
(DΦ)∗(g, pi). Here, we note that an elliptic operator has a finite dimensional kernel.
(3) If (V, 4g) has no Killing fields, then it is linearization stable.
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Thus, if (V, 4g) is linearization stable , ker (DΦ)∗(g, pi) is trivial. Since the space-time (T 3)×R
possesses symmetries (Killing fields), it is now clear from above results as to why Brill-Deser[4]
could find non-integrable perturbations.
Thus, space-times admitting compact CMC hypersurfaces can admit only finite number of in-
dependent Killing fields. Similar results hold for Einstein field equations coupled with matter fields
such as scalar fields, electro-magnetic fields and Yang-Mills fields. See, for example, [5, 6, 7]. To
analyse the situation in the presence of Killing fields, we need techniques from non-linear functional
analysis. We first identify a four dimensional Killing field 4X with a pair (N,X), where N is the
perpendicular component of 4X and X is its parallel (space-like) component. N and X are a real-
valued function and a vector field on M respectively. In ADM-formalism, N and X play the role
of a lapse function and shift vector field. Thus, if 4X (equivalently (N,X)) is a Killing field, then
integrable Linearized perturbations (h,w) of (g, pi) satisfy a second order condition :-
∫
M
< (N,X), (D2Φ(g, pi) | ·((h,w), (h,w))) >= 0
It is also true that this condition is sufficient for a linearized perturbation to be integrable. The
idea of the proof of this non-trivial statement is as follows :
We need to show that the above second order condition is non-vacuous. i.e. if 4X 6= 0 is a
Killing field, then there exists (h,w) satisfying the linearized equations such that above second
order quantity does not vanish. This implies that (h,w) is not integrable and hence (V, 4g) is not
linearization stable. The hypersurface-invariance of second order quantities, explicit expression of
D2Φ(g, pi) and elliptic character of DΦ(g, pi)∗ play an important role in the proof. The main result
of this analysis is described as follows :
Consider a class E of space-times represented by Lorentz metrics 4g and let (V, 4g0) be a space-time
admitting a compact cauchy hypersurface of constant mean curvature. Suppose (V, 4g0) admits n
independent Killing fields. Then the space E has a conical singularity at 4g0. This means, in
the neighbourhood of 4g0, E can be written in a suitable chart as the zero set of a homogeneous
quadratic function. The generators of this cone consist of those symmetric two-tensors 4h↔ (h,w)
such that
(i) 4h satisfies the Linearized Einstein equationDEin(4g0).
4h = 0 or equivalently,DΦ(g0, pi0).(h,w) =
0,
and (ii) the second order condition above is satisfied.
Thus, a necessary and sufficient condition for a solution 4h of the linearized equations to be tangent
to a curve of exact solutions to Einstein equations passing through 4g0 is that above second order
condition is satisfied. The proof uses involved mathematical machinery like slice theorem for action
of a Lie group on a manifold, Kuranishi map from deformation theory of complex manifolds and
infinite dimensional Morse lemma due to A. Tromba. For technical details of this work, we refer
the reader to Fischer, Marsden and Moncrief [8], Arms, Marsden and Moncrief [9] and Saraykar [10].
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Instability of global hyperbolicity through metric and matter perturbation: Another
way in which we can discuss stability issue is with respect to matter as well as metric perturbation.
Consider, for example, the Schwarzschild space-time. It is globally hyperbolic. But if we throw a
smallest charge into it, then the resulting space-time is Reissner-Nordstrom, which is not globally
hyperbolic. Moreover it admits a Cauchy horizon, and Cauchy surfaces are lost(Cf. Hawking and
Ellis [11]). As another example, consider the Oppenheimer-Snyder collapse, i.e. the spherically
symmetric dust collapse, which is globally hyperbolic. But with a slightest perturbation in density,
e.g. the density higher at the center, we loose global hyperbolicity, and the singularity, which was
earlier a black hole, now becomes a naked singularity. Now choosing a slightly higher density at
center corresponds to a certain perturbation of the metric. Thus, it will be interesting to consider
such a class, which is of course physically interesting, and try and see why global hyperbolicity is
violated ? So should we call it stable or not? In the same example, if density is inhomogeneous and
if we add slight pressure in the collapsing system, then again the outcome can change from black
hole to a naked singularity or vice-versa. Thus the outcome can be called unstable with respect to
addition of pressure.
Stability of end state of gravitational collapse with respect to initial data: End state of
gravitational collapse of type I matter fields evolving from regular initial data can be either a black
hole or a naked singularity. We ask the question : Is this outcome stable with respect to slight
change in initial data ? Saraykar and Ghate [12] answered this question in the affirmative in the
case of inhomogeneous dust collapse. Furthermore, in the case of type I matter fields, this question
was settled in a positive matter by Sarwe and Saraykar [13], and all mathematical details were
provided by Joshi, Malafarina and Saraykar [14]. In these works, it was proved that the outcome
is a stable one, but not generic, in the sense that the subset of initial data which leads the collapse
to a black hole or a naked singularity forms an open subset of the set of all initial data with an
appropriate topology. The topology used here is the C1 topology on the set of functions. However,
this set is not dense. But, using the measure on infinite dimensional spaces, the authors of [14] could
prove that the initial data set leading the collapse to a particular outcome has non-zero measure.
For review on this topic and other aspects of stability as mentioned above, we refer the reader to
Joshi and Malafarina [15]. It is clear that in this work also, topology on a function space plays an
important role in deciding the stability.
Stability with respect to odd and even parity perturbations
Another way of investigating stability of space-times is by considering odd and even parity per-
turbations of the space-time metric and see if these perturbations are integrable. There is a vast
literature on this aspect, and we shall not go into the details of this area. Instead, we refer the
reader to an excellent book by S. Chandrasekhar [16].
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3 Generic properties occurring in general theory of relativ-
ity
As mentioned above, a generic property is one that holds on a dense open set, or more generally
on a residual set (a countable intersection of dense open sets). The spaces that are usually used to
study stability and genericity are function spaces whose elements are either vector fields or tensor
fields which are continuous mappings with r continuous derivatives from a certain manifold M to
a manifold N . We denote such function spaces by Cr(M,N). A property is said to be generic
in Cr(M,N) if the set holding this property contains a residual subset in the Cr topology. This
topology is often used in the mathematics literature, and is called Whitney-Cr topology. We also
note that the space Cr(M,N) of Cr mappings between M and N is a Baire space and hence any
residual set is dense. This property of the function space is what makes generic properties typical.
The generic properties that we study in this section are as follows :
(i) A property of a space-time being stably causal is a generic property.
(ii) Linearization stability is a generic property in an appropriate function space. Specifically,
Saraykar and Rai [17] proved that in the class V of space-times which admit a compact Cauchy
hypersurface of constant mean curvature, the subclass VK of space-times which are linearization
stable form an open and dense subset of V under C∞ - topology.
(iii) The ”generic condition” occuring in the Hawking-Penrose singularity theorems (Cf.[11]) is
generic. Beem and Harris [18] proved that the set of vector fields satisfying this condition is open
and dense in the set of all vector fields under a suitable topology.
(iv) Fourth instance of genericity is the theorems proved by Ringstrom [19,20] in the quest of prov-
ing the strong cosmic censorship conjecture. He proves that under suitably defined topology, the
set of initial data evolving into Einstein vacuum equations is open and dense in the set of all initial
data. This has been proved for (T 3 ×R)-Gowdy space-times.
We now discuss these properties one by one.
1. Stable causality is a generic property
The region in Lor(V ) in which stable causality holds lies in the interior of the region on which
ordinary causality holds. Also the region in which ordinary causality is violated, is open in C0 open
topology. Hence the union of this region with the region on which stable causality holds is an open
dense set in Lor(V ). It is thus generic for a metric either to violate causality or to be stably causal.
Hawking [21] conjectures that the subset of stably causal metrics is dense in the set of all causal
metrics.
2. Linearization Stability is a generic property :
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Here we consider the class V of all space-times ( equivalently class of Lorentz metrics ) possessing
compact Cauchy hypersurfaces of constant mean curvature, and use results of Beig, Chrusciel and
Schoen [22] to argue that the subclass VK of V possessing no Killing fields forms an open and dense
subset of V . Combining this result with above results for linearization stability discussed in Section
2, we conclude that the class of space-times possessing compact Cauchy hypersurfaces of constant
mean curvature which are linearization stable forms an open and dense subset of V . Thus, in this
sense, linearization stability is a generic property.
Outline of the Proof : We consider the class V of all vacuum space-times as above. Such a class
of space-times can be endowed with a suitable topology whose choice can be made as per our need.
Such topologies have been discussed by Hawking [21], Lerner [23] and Beig, Chrusciel and Schoen
[22]. Then we use the results on linearization stability as follows.
As discussed in Section 2, space-times admitting compact CMC hypersurfaces can admit only finite
number of independent Killing fields. Also, such a space-time (V, 4g) is linearization stable if and
only if it has no Killing fields if and only if ker (DΦ)∗(g, pi) is trivial. We also have the fact that
any vector field 4X on a space-time can be identified with a pair (N,X) as explained earlier. This
decomposition is of course related to Riemannin metric g on the Cauchy hypersurfaceM . Beig et.al
[22] call this pair (N,X) as Killing Initial Data (KID) when 4X is a Killing field on (V, 4g), and
(g, pi) is called vacuum initial data, where (g, pi) is as in ADM formalism as explained above. Thus,
each space-time (V, 4g) corresponds to a vacuum initial data (g, pi) and the Killing field 4X which
a space-time admits, corresponds to a KID (N,X). Due to covariance property of Einstein field
equations, Killing property of initial data will be carried throughout the evolution. Thus this prop-
erty is possessed by space-time as a whole. In other words, KIDs are in one-to-one correspondence
with Killing vectors in the associated space-time. With this association, and keeping above result in
mind, it is now clear that the class of vacuum space-times VK possessing a compact cauchy hyper-
surface which are linearization stable can be identified with the class VI of all vacuum initial data
(g, pi) without (global) KID with tr(pi) = constant. To this class VI , we apply a theorem proved in
[22] and conclude genericity result as mentioned above. For more details, we refer the reader to [17].
Finally, in the context of general relativity, it is interesting to note that it is not yet fully known
if the above generic result is valid when constant mean curvature condition is removed.
3. Generic condition is generic :
Let (V, 4g) denote a space-time and Rab denote Ricci tensor corresponding to the Lorentz metric
4g. Let γ(v) denote a timelike or null curve in V and let p = γ(v1). Let K denote a general tangent
vector. Then the following result holds (Cf. Hawking-Ellis [11], Prop. 4.4.5, page 101) :
Result 1 : If RabK
aKb ≥ 0 holds everywhere and if at p = γ(v1), K
cKdK[aRb]cd[eKf ] is non-
zero, then there will be v0 and v2 such that q = γ(v0) and r = γ(v2) will be conjugate along γ(v)
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provided γ(v) can be extended to these values.
Hawking-Ellis explain that it is reasonable to assume that in a physically realistic space-time,
every timelike or null geodesic will contain a point at which the quantity KcKdK[aRb]cd[eKf ] is
non-zero. This condition is called ’generic condition’. It can be satisfied by a single tangent vector,
or by every tangent vector to a null or timelike curve. In the latter case, we say that a space-time
itself satisfies the generic condition. It is well-known [11] that the generic condition for a space-time
plays an important role in the proof of singularity theorems. Beem and Harris[18(V, 4g) ] prove
that this Generic condition is generic in the sense that at a given point of spacetime, if we consider
the tangent space at this point, then the set of tangent vectors satisfying the generic condition is
open and dense in the tangent space. Beem and Harris prove a series of results which are algebraic
in nature, and then the above result follows as a consequence of these. We describe these results in
brief :
A tangent vector K is called non-generic if it is non-zero and if KcKdK[aRb]cd[eKf ] = 0. Thus,
a causal geodesic satisfies the generic condition if and only if its velocity vector is not everywhere
non-generic.
Following series of results have been proved in [18] :
Result 2 : The set of non-generic vectors, together with the zero vector, is a closed set. Furthermore,
any null vector which is a limit of non-generic non-null vectors or of strongly non-generic null vectors
is itself strongly non-generic.
Hence the set of generic vectors is an open set.
Result 3 : The entire vector space V is non-generic if and only if it is flat.
Result 4 : Let V be four dimensional. Suppose V has 5 non-null non-generic vectors, with 4 forming
a basis and the fifth not in the plane spanned by any two of those basis vectors. Then V is flat.
Result 5 : Let W be a subspace of V with codimension of W = 1. If W is non-generic, then V is
flat.
Result 6 : Let W be a subspace of V with dim(W )= m. Suppose W has the following non-null
non-generic vectors {Xi : 1 ≤ i ≤ m}, which span W ; and for each i < j, Yij in span (Xi, Xj), such
that (Xi, Xj, Yij) is in general position for span (Xi, Xj). Then W is non-generic.
Applying this result to dim(V ) = 4, and dim (W ) = 3, we get the following corollary of result 6 :
Result 7 : If V has a subspace W of codimension 1, so that W contains a set of non-generic vectors
which is open in W , then V is flat.
Theorem: Generic condition is generic, in the sense that at a given point of spacetime, if we
consider the tangent space at this point, then the set of tangent vectors satisfying the generic con-
dition is open and dense in the tangent space.
Proof: Denseness property of generic vectors now follows from this corollary (Result 7) as argued
below :
If the generic vectors do not form a dense set, then there is an open set of non-generic vectors, whose
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intersection with any subspace is open. This implies, by above corollary, that V is flat; which gives
a contradiction. Thus, generic vectors form a dense set. That it forms an open set, follows from
Result 2 mentioned above. Thus, set of generic vectors forms an open and dense subset of the set
of all tangent vectors at a given point, i.e.the tangent space at that point. This then proves that
generic condition applied to a tangent vector is really a generic property.
Globally i.e. considering the space Lor(V ), it can be proved that generic condition is satisfied for
all metrics in a residual set in the Whitney-Cr topology, where r depends upon the dimension of
the manifold V .
Our last example of genericity is from the work of Ringstrom where he proves strong cosmic cen-
sorship conjecture for a certain class of space-times.
4. Set of initial data (Cauchy surface ) from which a space-time develops, in the sense
of maximally globally hyperbolic development, is open and dense in the class of all
initial data in a suitable topological sense ( Ringstrom [19,20] ) :
Einstein’s vacuum equations can be viewed as an initial value problem, and given initial data
there is one part of space-time, the so-called maximal globally hyperbolic development (MGHD),
which is uniquely determined up to isometry. However, it is sometimes possible to extend the space-
time beyond the MGHD in inequivalent ways. Hence, the initial data do not uniquely determine
the space-time, and in this sense the theory is not deterministic. Here, it is then natural to make
the strong cosmic censorship conjecture, which states that for generic initial data, the MGHD is
inextendible. Since it is unrealistic to hope to prove this conjecture in all generality, it is natural
to make the same conjecture within a class of space-times satisfying some symmetry condition.
Ringstrom, in a series of two papers, proved strong cosmic censorship in the class of (T 3 × R)-
Gowdy spacetimes.
In the first paper, the author focuses on the concept of asymptotic velocity. Under the symmetry
assumptions, Einstein’s equations reduce to a wave map equation with a constraint. The range of
the wave map is the hyperbolic plane. The author introduces a natural concept of kinetic and
potential energy density. The important result of this paper is that the limit of the potential
energy as one lets time tend to the singularity for a fixed spatial point is 0 and that the limit exists
for the kinetic energy.
In the second paper [20], the author proves that the set of initial data Gi is open with respect
to the C1 topology and dense with respect to the C∞ topology, such that the corresponding
space-times have the following properties:
First, the MGHD is C2-inextendible. Second, following a causal geodesic in a given time direc-
tion, it is either complete, or a curvature invariant, the Kretschmann scalar is unbounded along it
(in fact the Kretschmann scalar is unbounded along any causal curve that ends on the singularity).
This completes our study of generic properties occuring in general theory of relativity.
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Concluding Remarks :
From our studies and discussion in sections 2 and 3, it is clear that when the definitions of sta-
bility and genericity involve openness of the data, then the choice of topology plays an important
role in deciding these properties. Thus, we can not expect uniqueness in the choice of definition of
stability and genericity. Just as this is true for problems in general theory of relativity, it is also
true in other branches of pure and applied mathematics.
Acknowledgdement : The author wishes to express sincere thanks to Prof. Pankaj S. Joshi,
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